There exist several prescriptions for identifying the notion of temperature in special relativity. We argue that the inverse temperature 4-vector B is the only viable option from the Second Law of thermodynamics. Using a superfluidity thought experiment, one can show that B is a future-directed timelike 4-vector, and it is not necessarily along the time direction of the comoving frame of the system, as is usually thought. For an isolated system, the 4-vector is determined by its energy-momentum and from the entropy-maximum principle. PACS number(s): 05.70.-a, 03.30.+p, 05.90.+m, 67.10.-j
Special Relativity was discovered by Einstein in order to formulate the Maxwell theory in a covariant way with respect to the transformation of an inertial frame. Relativistic mechanics of a particle and a fluid was obtained nearly immediately afterwards. In contrast to these, though similar attempts had also been made very soon after the discovery of special relativity, no consensus has been reached yet, even a whole century later [1] - [3] .
Thermodynamics in the rest mass center frame is very well accepted. One would reformulate the laws in a relativistic form using some prescriptions. However, to justify their reality, one has to breathe some physical meaning into the form and confirm them experimentally.
In relativistic thermodynamics the most imminent problem is the transformation laws of heat and temperature under the Lorentz group. There are at least three opinions in the literature:
and (c)
where δQ and T represent heat and temperature respectively, the variables with (without) subscript 0 denotes those observed in the comoving (laboratory) frame, and γ is the Lorentz factor (1 − u 2 ) −1/2 , where u is the relative velocity of the comoving frame with respect to the laboratory frame. In this paper we shall use the Planck unit in which c =h = k = G = 1. The metric signature is (−, +, +, +).
The opinions (a), (b) and (c) are held by the authors of [1] , [2] and [3] , respectively.
It is noted that, in principle, the temperature in opinions (a) and (b) can be defined operationally using a relativistic Carnot cycle [4] [5] .
All groups agree that entropy is a scalar. Here we present the following argument for this. It is known that in a wide framework [6] a path integral for a system in the Euclidean regime can be identified as its partition function. The entropy of the system is the logarithm of the partition function in a microcanonical ensemble. For this ensemble the right representation should be chosen. In particular, at the W KB level, the entropy of the system is the negative of its instanton action [7] . Since the path integral and action are scalars, the entropy should be so too. This has been anticipated for a long time, since entropy is a measure of the loss of information of the system, which should be independent of the frame choice.
About quantities other than entropy, various authors hold very diversified opinions.
In this letter we shall concentrate on the heat and temperature issues. For a system with a finite size the main obstacle in formulating relativistic thermodynamics is the difference of true and apparent transformations [8] . To avoid the effect of the finite size, we shall only consider a continuous medium with an infinite size, or a medium with a finite size but periodic boundary conditions.
Apparently, in the framework of special relativity, if one considers T −1 as the zeroth component of a 4-vector B with component (T −1 0 , 0, 0, 0) in the rest frame [9] , then we should easily obtain T = T 0 γ −1 in the laboratory frame, that agrees with the opinion (a) for the zeroth component. If one takes T as the zeroth component of a 4-vector T with component (T 0 , 0, 0, 0) in the rest frame [8] , then we should easily obtain T = T 0 γ in the laboratory frame, that agrees with the opinion (b) for the zeroth component. The opinion (c) implies that temperature is a scalar. We would like to show that the inverse temperature 4-vector B is the only viable option.
In the comoving frame the First Law is formulated as
where δQ, dE and δW are the heat exchange, energy change and applied work of the system.
In a continuous medium the First Law, i.e, the Law of energy-momentum conservation can be written as
where T µν is the energy-momentum stress tensor, which includes all effects of heat exchange and applied work. Now let us consider a superfluidity thought experiment. It is known that below some critical temperature, liquid 4 He is capable of two different motions at the same instant under thermal equilibrium, the normal and superfluid motions. Each of the two components (motions) has its own local density ρ i and velocity v i (i = 1, 2) [10] .
For our thought experiment, it is assumed that these two components mutually penetrate without viscosity. In addition, their energy-momentum is additive, that is, the total energy-momentum of the medium is the sum of those for the two components.
It means that the interaction energy-momentum vanishes, although the interaction between the two components still exists. One can apply the First Law to each component as follows
with
where δq ν i and δw ν i represent exchange rates of the heat vector and the work vector to the component i respectively.
The applied work describes the macroscopic and coherent exchange of the energymomentum with the external environment, while heat is the disordered, non-coherent and stochastic exchange. The heat exchange δQ in (1) -(3) can be considered as the zeroth component of heat vector δQ. Its spatial components represent the effect of the heatlike force, so called by Rindler [11] . The detailed calculation for a system with a finite size made in [5] has confirmed this. The existence of the heatlike force should even be one more test for special relativity. For our thought model both energy E and δW are the respective zeroth components of their 4-vectors E and δW. In general, this is not true for a system with a finite size [8] . Equation (7) implies that the heat and work exchanges are between these two components.
The standard statement of the Second Law in thermodynamics is: if a system undergoes a quasi-static infinitesimal process in which it absorbs heat δQ 0 , then
where S is its entropy. It is noted that the statement is only valid in the comoving frame.
From above we know that S is a scalar, and T −1 0 is an integrating factor of δQ 0 .
For one possibility, the relativistic version of (8) can take the form [9] [5]
In ( This possibility can be thought of as the relativistic version of opinion (a). If B is no longer parallel to the comoving velocity, even in the rest frame, then one has to use (9) to replace (8) .
Many authors question the physical reality of the temperature in the laboratory frame, in our superfluidity thought experiment, the existence of the spatial components of the inverse temperature 4-vector is unavoidable. How to measure these in an experiment is another problem, since the relative speed in the laboratory is much smaller than the speed of light. Its effect might be found in relativistic astrophysics.
The Zeroth Law of thermodynamics states that if two systems are in thermal equilibrium with a third system, they must be in thermal equilibrium with each other.
In particular, the temperature should be the same. It is noted that the First Law traditionally refers to the rest comoving frame. Here in relativistic thermodynamics, we can show that the statement should be applied to the vector B in any frame as well.
Since entropy is a scalar, and if there is no exchange of heat 4-vector and work 4-vector between the two components, the entropy for each component should be conserved, and one yields
where s i , s i v j i are the entropy density and entropy current of component i, and v j i is its 3-velocity.
On the other hand, if the exchange rate of heat vector density δq µ i is nonzero, then equation (10) should be revised into
Using (7), the sum of the right hand of the two equations in (11) is the creation rate of entropy density
Under thermal equilibrium, the total entropy creation rate must vanish. We assume δq µ 1 is arbitrary and independent, then B i should be identical for the two components, which are of possibly a nonzero relative velocity.
In the alternative relativistic version of the Second Law, one considers T 0 as the zeroth component of a 4-vector temperature T in the rest frame, the Second Law can be revised as
Eq. (13) can be considered as the relativistic version of opinion (b). However, it is too restrictive. It is noted that δQ i also represents the heat flux in the rest comoving frame. In 3-dimensional space it is usually parallel to the temperature gradient for isotropic media, nothing to do with the orientation of the 4-temperature vector.
Therefore, this prescription has to be abandoned. If one adopts both prescriptions (9) and (13), then it would lead to some confusion.
We shall show that prescription (9) is supported by the form of the Juettner function [12] , the later is the relativistic version of the Maxwell probability density function.
In the literature, some authors claimed that temperature must be invariant with respect to relative uniform motions [3] . Considering two equilibrium identical bodies, which are in uniform relative motion, they argued that the heat exchange can be carried out by their smooth contact and the flow is at right angles to the motion. The observer attached to one body would judge the temperature of the other body as lower, according to opinion (a). From the usual relation between heat flow and temperature, heat would transfer to the other body. On the other hand, the observation from the other body would be vice versa. This is a contradiction. The situation is similar for opinion (b). Therefore, one has to adopt opinion (c).
The reason leading to the above wrong consequence is that they did not treat the Second Law in a covariant way. Since Q is a vector, the inverse temperature must take the 4-vector form.
Even some people consider the possibility of T or T −1 as being a zeroth component of a 4-vector, they still use (8) in the laboratory frame for their argument, this kind of argument is not valid.
Let us turn to relativistic statistics. It is known that in the rest comoving frame the probability of one-particle velocity of ideal gas in equilibrium is expressed by the
Maxwell distribution function
where β = T −1 0 , m is the mass of the particle, v is its 3-velocity. Its relativistic version was proposed by Juettner as follows [12] 
where Z J = Z J (m, β) is the normalization constant. In the laboratory frame, the
Juettner function becomes
where u and v ′ are the relative velocity of the laboratory with respect to the comoving frame and the particle velocity in the laboratory frame. The extra factor γ(u) −1 is due to the Lorentz contraction in the velocity space. f J (v ′ ; m, β, u) can be rewritten as
where E(v ′ ) is the energy-momentum of the particle. It is clear that if one accepts the notion of inverse temperature 4-vector B, then the exponent of the probability density function is of a covariant form. In general, the Boltzmann factor in a Gibbs state should take the same covariant form [9] .
The Juettner distribution function (15)-(17) revised for dimension-2 spacetime has been confirmed by numerical simulations very recently [13] .
From the superfluidity thought experiment we learn that the inverse temperature 4-vector of a system may not be in the tangent direction of its world line. It is always possible to determine its inverse temperature 4-vector from its total energy and momentum and using the entropy-maximum principle.
Suppose in our thought model, the energy density and entropy density of component i in its own rest frame F i are ǫ i (B) and s i (B), the relative velocity of the two rest frames is u. The rest frame F 1 is moving with respect to a frame F 0 with velocity v along the x−axis, and the frame F 2 is moving with the exactly opposite velocity. We assume that B is a 4-vector on the (t, x) plane and define ths = v x , the normalized vector of B is parametrized by l in a similar way, thl = B x /B t . We 
The conditions that the total energy and momentum density are given can be simplified as
where C 1 and C 2 are constants.
From Eq. (19) one can derive the value of l, B 0 , that is B. Apparently, if these two components are thermodynamically identical, isotropic and C 2 = 0 , then one should have l = 0, that is the inverse temperature 4-vector is in the time direction of the mass center frame. In general, this is not true.
If more intensive parameters are involved, one can appeal to the entropy-maximum principle to determine B and all these parameters using the Lagrange multiplier method under constraints (19).
Eq. (11) should be the valid definition of inverse temperature 4-vector in the framework of general relativity. However, it is only of formal meaning due to the ambiguity of the definition for the heat 4-vector density. The reason is twofold.
Firstly, in the classical framework (h = 0) there does not exist a local definition of gravitational energy-momentum. Secondly, in the quantum framework [14] , there exist fluctuations in quantum fields. In particular, there does not exist an unique vacuum state even in the non-inertial frame of the Minkowski spacetime, let alone the general curved spacetime.
In summary, in the framework of special relativity, the Second Law of thermodynamics implies that the inverse temperature should take a 4-vector form. Using the superfluidity thought experiment, one can show that B is a future-directed timelike 4-vector, and it is not necessarily along the time direction in the rest comoving frame, as is usually thought. For an isolated system, the 4-vector B is determined by its
